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Micromechanics-Based Predictive Model for Compressively
Loaded Angle-Ply Composite Laminates

Jung Hyun Ahn,¤ and Anthony M. Waas†

University of Michigan, Ann Arbor, Michigan 48109-2140

A micromechanics-based analysis to predict damage initiation in compressively loaded symmetric angle-ply
laminates is described. The � nite element method in conjunction with the commercial code Abaqus is used to
solve the governing system of equations. The results obtained for the predictions are compared against a set of
experimental results previously made available for AS4/3502 symmetric angle-ply laminates. A uni� ed model that
captures damage initiation and that describes failure mode transition as a function of ply angle is reported. The
prediction of the model is found to compare favorably against the experimental data.

I. Introduction

T HE response of composite laminates when subjected to me-
chanical loads is in� uenced by the material type and stacking

sequence adopted. In order to exploit the multitude of bene� cial
factors that composite laminates have to offer, it is important to gain
a thorough understandingof how the response to mechanical loads
and ultimate failure stress are related to the laminate microstruc-
ture. The compressive strength of laminates is an important design
parameter for aerospacestructuresmadeof compositelaminates.In-
deed, the problem of predicting compressive strength has received
considerable attention in the recent literature, as evidenced by the
large number of research papers discussed in, for example, the sur-
vey papers by Waas and Schultheisz1 and Schultheisz and Waas.2

Previous experimental and analytical results pertaining to the static
compressive strength of a laminate based on a unidirectional poly-
mer matrix have establishedthat � ber microbucklingin the presence
of a nonlinear matrix is the dominant mode of compressive failure
in these laminates. These results have been thoroughly discussed
by Budiansky and Fleck,3 Kyriakides et al.,4 Sun and Jun,5 and
Schapery.6,7 Similar investigations that account for time-dependent
effects have been presentedby Sun and Thiruppukuzhi,8 Weeks and
Sun,9 Woldesenbetand Vinson,10 Hsiao and Daniel,11 Hsiao et al.,12

Oguni and Ravichandran,13 and Lee and Waas.14 The importanceof
establishingthe connectionbetween the unidirectionalcompressive
strength and the compressive strength of a laminate that has multi-
directionalplies (with zero plies included) has received lesser atten-
tion, although Drapier et al.,15 Swanson,16 Swain et al.,17 Lesko et
al.,18 andXu etal.,19 have introducedmodels thatcapturesomeof the
effectsof stacking.The situationbecomesless satisfactorywhen one
examines the compressive strength of angle-ply laminates (no zero
plies). Rotem and Hashin20 and Kim21 conductedexperimentalstud-
ies of angle-ply laminates and found that shear failure mechanisms
were signi� cant. Shuart22 conducteda carefuland systematicexper-
imental study on the compression failure of (+ h / ¡ h )ns laminates
made of AS4/3502 epoxy. Shuart was able to identify the transition
of failure between � ber microbuckling/kink banding (which he also
called � ber brooming, because sometimes the laminate broke along
the band that was formed near the boundary of the loaded edge), in-
plane matrix shearing, and matrix compression.No unifying model
was introduced to capture the different regimes of failure. Instead,
different simpli� ed analytical models were constructed to explain
the different failure mechanisms, which change as a function of
ply angle. However, Shuart presented a complete set of experimen-
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tal data to show the different mechanisms of failure as well as the
dependence of laminate compressive strength on the ply angle.

In thepresentpaper,we report the results froma micromechanics-
based � nite element analysis that was used to model the microstruc-
tural aspects of the response and failure of an angle-ply laminate
subjected to compression loads. This analysis incorporatesthe non-
linear constitutive responseof the matrix, which plays a crucial role
in the failure mechanism. Shuart’s experimental data for the lami-
nate failure have been used here as a benchmark for the trends to
be expected when the compressive failure of angle-ply laminates
is investigated, as well as for comparison against the analysis pre-
dictions. Good agreement between the model predictions and the
experimental results is found.

II. Mechanical Model for Compressive Response
of an Angle-Ply Lamina

The con� guration studied is as shown in Fig. 1, where an angle-
ply laminate, (§h )ns , is subjected to uniform compression loading.
The (x , y) axes denote the lamina orthotropic axes, and the (1, 2)
axes denote the orthotropic material axes. The approach taken here
mirrors the earlier work of the authors,23 in which a microregion
situated in an area of intense stress is modeled as an array of alter-
nating layers of � ber and matrix. In the present context, there is no
preferntial location for the microregion, because each lamina is in
a state of homogeneous deformation.

A microregionwith dimension H £ W is of interest for the � nite
element analysis. First, the compliances of a lamina in the x – y
coordinate frame are related to the orthotropic compliances in the
1–2 coordinate frame by

Sx x = m4S11 + n4 S22 + 2m2n2 S12 + m2n2S66

Syy = n4 S11 + m4S22 + 2m2n2S12 + m2n2 S66

Sx y = m2n2 S11 + m2n2S22 + (m4 + n4)S12 ¡ m2n2S66 (1)

where m = cos(h ) and n = sin(h ). The orthotropic compliances
S11, S22 , and S66 are computed by using the lamina properties listed
in Table 1, and the relations among lamina properties and com-
pliances are as given in Hyer.24 From Eq. (1) and with the use
of classical lamination theory, the laminate engineering properties
Ex x , E yy , G x y , and m x y are computed. These values are shown in
Table 2. When these values and a loading condition of unit com-
pressive stress in the x direction are used, the laminate strains are
found from

²x x

²yy

c x y

=

1/ Ex x ¡ m x y / Ex x 0

¡ m x y / Ex x 1/ E yy 0

0 0 1/ G x y

r xx = ¡ 1

r yy = 0

s x y = 0

(2)

Once the laminate strains in the x – y coordinate frame are ob-
tained, it is necessary to transform the laminate strains to the 1–2
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Table 1 Lamina properties of AS4/3502

E11 , Psi E22 , Psi G12 , Psi m 12

18.5 £ 106 1.63 £ 106 0.87 £ 106 0.3

Table 2 Engineering properties of ( §§ 45)ns AS4/3502a

Ex x , Psi E yy , Psi Gx y , Psi m x y

3.87 £ 106 3.87 £ 106 4.625 £ 106 0.68

aThese are the properties obtained by Shuart.22

Fig. 1 Problem con� guration.

coordinateframe for the purposeof specifyingdisplacementbound-
ary loading in the ensuing � nite element analysis.Thus,

²11

²22

1
2
c 12

= [T ]
²x x

²yy

1
2
c x y

(3)

where [T ] is given by

[T ] =

m2 n2 2mn

n2 m2 ¡ 2mn

¡ mn mn m2 ¡ n2

(4)

In the � nite element analysis that follows, the microregionis � xed
at the origin of the orthotropic material coordinate frame, because
the displacementsare measured with respect to this point. Then, the
displacement � elds corresponding to the strain state (3) are given
by

u(x , y) = ²11[x ¡ (W / 2)] + c 12 / 2[y ¡ (H /2)]

v(x , y) = ²22[y ¡ (H / 2)] + c 12 / 2[x ¡ (W / 2)] (5)

With the use of Eq. (5), the displacements corresponding to the
node location of the boundariesof the microregionwere computed.
These values were then used as boundary loading in the � nite ele-
ment analysis that is described later.

III. Characterization of the In Situ Matrix Property
InShuart’s paper,22 alongwith theexperimentalresults,theelastic

properties of the lamina and the complete shear stress–shear strain
behavior of a AS4/3502 in the orthotropic material coordinate sys-
tem, obtained according to the procedure described in Daniel and
Ishai,25 is shown. This response curve is reproduced here as Fig. 2.
The procedure used to generate the data consists of subjecting a
(§45)ns angle-ply laminate to uniaxial compressionand measuring
the laminate strains ²x x and ²yy and the applied remote stress on the
laminate. Note that, for this test, c x y =²x x ¡ ²yy . The data in Fig. 2
can be used to extract the complete nonlinear shear stress–shear
strain response of the in situ matrix (3502) as discussed as follows.

We begin by assuming that the 3502 matrix material can be mod-
eled as an elastic-plastic solid obeying the small strain J2 � ow
theory of plasticity.26 Then, from the elastic (linear) portion of the
curve in Fig. 2, we � rst obtain the in-plane lamina shear modulus
G12. Furthermore, as shown in Daniel and Ishai,25 for a balanced
symmetric 45-deg angle-ply laminate, the major Poisson ratio m x y

is given by

m x y
»=

E11 ¡ 4G12

E11 + 4G12

(6)

Thus, with Eq. (6), we can obtain the values of the two strain
components,²x x and ²yy , correspondingto each data point in Fig. 2.
Here we are assuming that the in-plane Poisson ratio m xy given by
Eq. (6) holds throughout the deformation history. In the lamina
orthotropic coordinates,we know that

²11 = ²22 = (²x x + ²yy) /2, c 12 = 2²12 = ²x x ¡ ²yy (7)

r 11 = ¡ r x x /2, r 22 = ¡ r x x / 2, s 12 = ¡ r x x /2 (8)

Thus, with the use of Eqs. (7) and (8) and the de� nitions of
equivalent stress, ¯r , and equivalent plastic strain increment, d̄²p

(de� ned in the Appendix), the data in Fig. 2 can be used to construct
a plot of ¯r against ²̄p (Fig. 3).

Accordingto the J2 � ow theoryof plasticitywith a Mises–Henky
yield condition, the ratio of the increment of each plastic strain
componentto its correspondingdeviatoricstresscomponentremains
constant; that is,26

d²
p
i j ˆr i j = dk (9)

When Eq. (9) and the relation between ¯r and d̄²p are used, the
nonlinearportionof the shear stress (s 12 )–shear strain (c 12 ) response
curve for a single lamina can be extracted.The curve thus obtained
forAS4/3502is shownin Fig. 4.The instantaneousslopeof thecurve
in Fig. 4 is the tangentshearmodulusof the lamina, G12( s 12). There-
fore we next use the Halpin–Tsai relations (Daniel and Ishai25 ),
which follow, to extract the variation of the in situ matrix shear
modulus Gm ( s 12).

Fig. 2 Shear stress vs shear strain response of a AS4/3502 lamina as
obtained by Shuart.22
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Fig. 3 Equivalent stress Å¾ vs equivalent plastic strain Å²p for AS4/
3502, deduced from Fig. 2.

Fig. 4 Shear stress ¿12 vs shear strain °12 curve for AS4/3502 based
on J2 � ow theory of plasticity and the data in Fig. 2.

Fig. 5 In situ shear stress vs shear strain response of the matrix and
the deduced uniaxial stress vs uniaxial strain response of the matrix.

G12 = Gm
1 + f 2 g 2 m f

1 ¡ g 2 m f
, g 2 =

G12 f ¡ Gm

G12 f ¡ f 2Gm

(10)

In addition, f 2 = 1 for the random packing of � bers. With Gm ( s 12)
so obtained, the in situ matrix shear stress–shear strain curve is as
shown in Fig. 5. In a similar manner, the in situ uniaxial stress–

strain curve in compression for the matrix is also obtained. This
uniaxial response curve is used in the input data � le for the � -
nite element analysis that follows. This curve is also shown in
Fig. 5.

IV. Finite Element Analysis Modeling
The region to be analyzedusing the � nite element analysis (FEA)

is as shown in Fig. 1, where a rectangular domain of dimension H
(120 d f , � ber diameter) £ W (70 d f ) of alternate layers of � ber and
matrix are considered in a plane-strain setting. The matrix layers
have a thickness that provides the correct overall � ber volume frac-
tion,V f =55%, in thepresentcase.The � ber is modeledas an elastic
solid with the properties as indicated in Table 1, and the matrix is
modeled as a elastic-plasticisotropic solid that undergoes � nite de-
formation, obeying the J2 � ow theory of plasticity with isotropic
hardening.The in situ uniaxial stress–strain response of the matrix
is as indicated in Fig. 5. The � ber and matrix layers are discretized
with the CPS4 � nite elementby using the commercialcode Abaqus.
The total number of degrees of freedom for the baseline model is
approximately 5754, which consists of 1498 � ber and 1242 matrix
elements. In the mesh sensitivitystudy to be discussed later, the size
of this baselinemodel is increasedgradually to study its dependence
on the predicted compressive load-carryingcapability.

For the displacement data on the boundaries of the microregion
to be computed, the far-� eld loading on the angle ply was assumed
to be a uniformcompressionstress r x x = ¡ 1, r yy = 0, s xy =0. Then
the displacementswere calculatedby using the proceduredescribed
earlier. In particular,the displacements� elds u (1, 2), v (1, 2) on the
boundary of the microregion were computed. First, a linear static
analysis of the microregion when subjected to displacement load-
ing on the boundary was performed. Nodal equilibrium reaction
forcesat theboundarieswere computedfromsuch an analysis.Next,
with the use of the Riks method27 option available in Abaqus,27 a
nonlinear response analysis of the microregion was conducted, us-
ing the boundary nodal forces that are equal and opposite to the
model reaction forces computed by means of the linear static run.
This nonlinear response analysis incorporates the in situ nonlin-
ear uniaxial stress–uniaxial strain relation of the matrix indicated
in Fig. 5. As loading proceeds, the boundaries of the microregion
undergo large rotations. To use nodal force loading, the multipoint
constraint(MPC)optionprovidedin Abaquswas used on the bound-
aries AB and CD of the microregion. In effect, this option allows
these boundaries to remain straight yet undergo the correct global
rotation and deformation, while maintaining equilibrium with the
applied boundary loads. During the loading, the boundaries BC
and DA of the microregion must be left free to deform into any
shape that is in conformity with equilibrium requirements. Thus,
deformation localization into bands within the microregion is al-
lowed to develop,yet overall force equilibrium is maintained in the
far � eld. Because the MPC option was used and the microregion
size in� uences the observed results, a scaling and mesh sensitivity
study was also carried out by systematically increasing the overall
size of the microregion and performing the analysis as explained
before.

Fig. 6 Far-� eld stress (¾x) vs normalized end shortening plots as a
function of � ber angle (5 deg <– µ <– 30 deg).
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Fig. 7 Far-� eld stress (¾x) vs normalized end shortening plots as a
function of � ber angle (35 deg <– µ <– 65 deg).

Fig. 8 Maximum stress as a function of ply angle: a comparison be-
tween prediction and experimental results reported by Shuart.22

Fig. 9 Typical deformed shapes of microregion for µ = 35 and 65 deg. Arrows indicate increasing order with respect to increasing amounts of load.

V. Finite Element Analysis Results and Interpretation
The � nite element analysis results of the linear static run were

veri� ed by using the analytical solution of the correspondinglinear
elastic problem. Nonlinear load-responseanalyses were performed
for 13 differentcon� gurations(5-deg to 65-degply-anglevariation).
A Riks analysis was performed as described, in which the solution
was sought to a proportional loading case, including the possibility
of unstablebehavior.Typicalresponseresultsare as shown in Figs. 6
and 7. In these � gures, plots of the resultant axial stress, r x , in
the far � eld as a function of normalized axial end shortening of
the microregion ( d x / W ) for various ply angles are indicated (d x is
evaluated at point E , indicated in Fig. 1). All of the curves show
similar features, but with a different interpretation.

Initially, a typical response curve in Fig. 6 is linear, followed by
an unstable unloading path from a maximum load for small ply
angles (5 deg < h < 30 deg), which eventuallyasymptotes to a con-
stant value. This result can be explained in conjunction with exper-
imental observations, in which a substantial drop in the axial load
accompanies kink band formation at failure. This result also con-
� rms various experimental results for unidirectional lamina (0-deg
lamina), inferred from our result for h = 5 deg.

As the � ber angle increases, the dominant loading in the mi-
croregion is changed from � ber compression to shear deformation,
where the matrix state of shear continuously increases in propor-
tion. Now, the shear property of the matrix becomes dominant. Of
course, the matrix layers are also subjectedto axial compressionand
transverse compression,but it is the behavior in shear that is useful
for interpretingthe experimental results.As the ply angle increases,
the initial slope of the response curve decreases for the ply-angle
range (5–30 deg; Fig. 6), as expected. In addition, the maximum
attainable load decreases and the unstable unloading path beyond
the maximum load becomes a stable unloading beyond h »= 45 deg
(Fig. 7). That is, an abrupt load drop is no longer the case in an
experimental setting. Instead, the slope beyond the load maximum
indicates stable unloadingand correspondingdeformation localiza-
tion into diffusedbroadbands.Further, beyond h »= 45 deg, the dom-
inant loadingconsists of matrix compressionand shear,whereas the
loads in the � ber direction (axial compressionalong the � bers) tend
to decrease. Beyond h »=60 deg, a maximum load is no longer ob-
served (h = 65 deg case; plotted in Fig. 7); instead, the microregion
response indicates the gradual attainment of a stable plateau load.
Response curves indicate a gradual “yield”-like behaviorof the ma-
trix. In these cases, one immediately sees that the � bers no longer
provide additionalstiffening to the matrix, because the predominant
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Fig. 10 Response curve for µ = 10 deg and deformed shapes of the
microregion corresponding to points indicated in the response curve for
µ = 10 deg.

Fig. 11 Results of the mesh size sensitivity study (µ = 10 deg).

loading occurs transverse to the � bers. Thus the matrix bears the
brunt of the load. The plastic behavior of the matrix totally gov-
erns the deformation in these cases. A plot of the maximum (limit)
load as a function of ply angle is shown in Fig. 8. Shuart’s ex-
perimental data are also indicated for comparison. Another curve,
corresponding to the limit load obtained with a larger mesh (all the
dimensions of the microregion were increased by a factor of 1.25)
is also indicated. The implications of these results for the maxi-
mum load and the results of a mesh sensitivity study are discussed
next.

VI. Discussion
As is evident from Fig. 8, the trends predicted by the present

analysis based on the limit load, which corresponds to the onset (or
initiation) of failure of the microregion,agree with the trends exhib-
ited in the experimental results of Shuart. When the microregion is
modeledand the in situnonlinearmatrix propertiesare incorporated,
it is possible to follow the transition of the failure mode (unstable

failure initiation caused by � ber instability contrasted against ma-
trix shear failure, indicated by a stable unloading path beyond the
maximum load). Figure 9 indicates two series of deformed micro-
regions corresponding to h =30 and 65 deg, and Fig. 10 indicates
the responseof a microregion at a very low angle (h =5 deg) where
a steep load drop is observed. Notice that, for small angles, the
bands of deformation localization are narrow, whereas as the an-
gle increases, the deformationbands are diffused and broad. Just as
observed by Shuart, the mechanism of compressive failure at low
angles involves kink banding, leading to specimen splitting across
the kinked band (accompanied by a large drop in load-carryingca-
pacity); for larger angles (30 deg < h < 50 deg), there is a transition
in the failure mode where kinking does not occur. Instead, Shuart
interpreted the failure as being � ber–matrix interfacial failure. At
large angles (30 deg < h < 50 deg), the interfacial shear stress is
larger than that at the smaller angles. Furthermore, the matrix is
predominantly loaded in shear with the attendant reduction in its
shear stiffness. This scenario sets the stage for matrix plasticity to
spread within the matrix layers, starting from the � ber–matrix in-
terface. The � ber–matrix interfacial shear stress component in con-
junction with any irregularities at the � ber–matrix interface (such
as voids or partial debonding) leads to the onset of interfacial � ber–
matrix failure. A complete analysis of the � ber–matrix interface
fracture (which incorporates computing the energy release rates)
necessitates a fracture-mechanics-based analysis with an accurate
knowledge of the critical interfacial energy release rate measured
by suitable experiments, as has been done, for example, in Song
and Waas.28 This aspect is not considered in the present analysis,
but the reader is referred to Song and Waas28 for further details. In-
stead,we have interpretedthe experimentallyobserved� ber–matrix
interfacial failure as being caused by the gradual weakening of the
matrix integrity. Thus, the results in Fig. 8 for the maximum attain-
able stress of the microregion have a different interpretation as a
function of h . For (30 deg · h ·65 deg), the maximum load is in-
dicative of the onset of failure as a combined instability of the � ber
and matrix.

In order to study mesh dependency of the predicted results, we
present here the results of the 10-deg microregion study, because
they are representativeof what was observedfor other angles.Three
different microregion sizes were studied: the baseline microregion,
and two scaled-up (all dimensions of the microregion increased by
the same percentage) sizes of 150 and 200%. The results are as in-
dicated in Fig. 11. Notice that the limit load is independent of the
microregion size, whereas the plateau load appears to depend on
the microregion size for this particular problem. This dependency
can be easily understood by examining the physics of the failure
mechanism. At the maximum load point, the � ber rotation in the
soon-to-be-developedkink band is in� nitesimal, but the matrix lay-
ers are loaded beyond their elastic limit. The unloading beyond the
maximum load signals the period in which the localized deforma-
tion bands form and spread throughout the microregion.This stage
is a transient stage; the attainment of a plateau load signi� es the
termination of the transient stage and the beginning of a steady-
state process in which the localized band has developed across the
microregion and undergoes further continued uniform deformation
across the microregion. Thus, the transient stage alluded to herein
is dependent on the size of the microregion (in particular, the trans-
verse dimension, H , in Fig. 1); the larger the size, the lower the
plateau load. What is important is the recognition that the limit
load is independent of the size of the microregion and thus can be
used with con� dence as an indicatiorof the compressivestrengthof
the laminate. The results we have presented here provide a uni� ed
picture associated with the prediction of compressive strength of
angle-ply laminates.

VII. Conclusions
Damage initiation in angle-ply laminated composites sub-

jected to compressive loading has been investigated through a
micromechanics-based � nite element analysis. Comparison be-
tween experiment and the proposed analysis is good over a wide
range of ply angles. Material properties of the � ber and matrix
material that are readily available are used. In particular, matrix
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nonlinearity is accounted for via J2 incremental plasticity theory.
The presentwork is a nonempiricalapproachto predictcompressive
strength of angle-ply laminates.
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Appendix: De� nitions of Equivalent Stress
and Plastic Strain

The equivalent stress and the equivalent plastic strain increment
are de� ned as

¯r = 1
2 ( r 11 ¡ r 22)2 + ( r 22 ¡ r 33)2 + ( r 33 ¡ r 11)2

+ 3 s 2
12 + s 2

23 + s 2
31

1
2

d ²̄p = 2
9

d²2
11 ¡ d²p

22

2
+ d²p

22 ¡ d²p
33

2
+ d²p

33 ¡ d²p
11

2

+ 4
3

d²
p2

12 + d²
p2

23 + d²
p2

31

1
2
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